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Experiments and Analysis for Composite Blades
Under Large Deflections Part II: Dynamic Behavior

Pierre Minguet* and John Dugundjit
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

The dynamic behavior of structurally coupled composite blades is investigated in this paper analytically and
experimentally, while the static behavior was described in Part 1 of this article. The model developed there is
linearized around a given static position to investigate the small amplitude vibrations of composite blades. The
influence coefficients method is used together with a simple iterative finite-difference solution procedure to
obtain a standard eigenvalue problem. Several experiments using thin, flat composite cantilevered beams are
also performed, and the data obtained compare well with the results from the analysis. The presence of static
deflections is shown te have a significant influence on the torsion and fore-and-aft (lead-lag) modes and

frequencies.

Introduction

OLLOWING the description of the static behavior of

composite blades in part I of this article,! their dynamic
behavior is now presented. In order to be able to perform the
aeroelastic stability analysis of a helicopter rotor, it is neces-
sary to have an analytical model capable of predicting the
blade natural frequencies and mode shapes. As mentioned in
part 1, most of the initial work on the subject focused first on
obtaining a set of equations capable of describing the linear
coupled bending and twisting behavior of nonuniform
blades,?? but it has been shown that nonlinearities caused by
large displacements and rotations can be important in calculat-
ing the dynamic response and stability of rotor blades, espe-
cially when a hingeless configuration is used.*> The traditional
approach, retained here, obtains a set of linearized equations
that can then be cast into a standard eigenvalue problem.®° A
linearized version of the model introduced in part I is pre-
sented here with an appropriate solution procedure. The re-
sults of several experiments using thin composite beams are
presented also, and compared with the results from the analyt-
ical model. More detailed analytical and experimental results
from this study can be found in Ref. 10.

Small Vibration Model

In part I of this article, a model was presented to study the
large-deflection behavior of a structurally coupled blade under
static loads. Here, after having determined the deformed posi-
tion of a blade with that previous model, the next problem is
to determine the blade’s natural vibration frequencies and
mode shapes around that position. Since one of the main
points of interest in this study is the influence of static defor-
mation on the vibration of blades, it is necessary to develop a
model that accounts for the static large deflections of beams,
instead of just considering a straight cantilevered beam.
Again, all of the structural couplings must be accounted for,
but for simplicity only small amplitude vibrations are consid-
ered.

This last assumption allows us to simply linearize the equa-
tions developed in part 1 by using the usual perturbation
technique of replacing each quantity by its average value, plus
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a small perturbation whose squares are negligible:

Fi—F + F, (1a)
M, —M, +M,, k=123 (1b)
0—~0+6, B—B+B8, Yy—y¢+y (1o
X—=X+x, y—=y+y, z2—2+2z (1d)

In all of the following, Fy, M, 6, 3, ¥, x, », z will now
present force, moment, angle, and displacement perturbation
values, whereas F,., M,, ... will represent average values. Note
that all displacement and angle perturbations are measured in
the global coordinate system (Fig. 1). Using these formulas,
for example, the first equilibrium equation given in part I
transforms as

d[F, + F)

ds —[cbg—+w;][1_“2+172]+[6.>,7+w,,][i73+F3]+... =0

(2

Applying these substitutions to all of the equations developed
in part I, a new set of linear, first-order differential equations
is obtained (with each linearized equation much longer than its
original nonlinear version). Note that stress-strain relations
were already linear and therefore do not change.

First, we obtain three force equilibrium equations

dF _ ~ - .-
d—sl — G)}Fz + (;):F3 — Fz(.z)} + F3w2 +p1L + Tnplo + lepZG

+ Tipy + Typy + Tps + T3p§ =0 (3a)
dF,

ds

+ (;)gF] — G)IF3 + F1w3 — F}O.)] +p21 + Tzlplc + Tzzpzc

+ Topy + Top{ + Toap§ + Toyp§ =0 (3b)

dFy - 2 E L, 5 oG, 7 oG
a5 — oy + o Fy ~ Flwy + Fawy + py + Typy + Topy

+ Tyapy + Tapf + Tpf + Ty3p§ =0 (39
and three moment equilibrium equations

aM, ] ) i} s
—d - (.O}Mg + O)j_M} —'Mzwg + M3w2 + my” + T]]l”'ll
S

+ Tom$ + Tomy + Tyml + Tom§ + Tizm$ =0 (4a)
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Fig. 1 Global and local axes.

dMm,

ds

+ oMy — oM, + M1w3 — M;w, - F;+ mZL + TZ!IT’IIG

+ Toumf€ + ToymE + Tyt + Tpym§ + Tym§ =0 (4b)

dM,
ds

— M\ + & M> —lez + M2w1 + Fy + m3’ + T;.mlc

+ 7‘32"’!26 + 7"33m36 + 7"31/’71%7 + T32ﬁ726 + T33ﬁ’lg; =0 (40)

followed by three curvature-angle compatibility equations

df S inf L
w; — cosf tanB @,0 — Csm 3 @,B8 — sinf tanf w,

l

ds 0s?

L o cosh _ _ _

+ sinf tanf &0 — ——= @8 — cosf tanf w; (5a)
i cos’s

ds . . _ _ .

i sinf @,0 — cosf w, + cosbwd + sinf w; (5b)
dy  cosb . . sinfB sinf sinf
—=— 0,0 + f— & — -
ds cosB @7+ s cos?B n cosB ©n cosB o

_ sinB _ cosh
+ cosf cos?h ol + cosB w; (5¢)
and three displacement-angle compatibility equations
dx L - S
O = —sinf cosyB — cosf sinyy (62)
dy o o
@ = —sinf siny + cosf3 cosyy (6b)
z _
= cosBp (6¢)

ds

Finally, we need also the linearized form of the transforma-
tion matrix

T\, = — sinB cosyB — cosP singy (7a)
T\, = —sing siny + cosB cosy (7b)
Ty = cosBp (70)
Ty = — cosy cosBy + siny sinBf — cosh sinf cosyf
— sinf cosP cosyB + sinb sinB singy (7d)

T, = — sinf cosy 8 — cosh sinyy — cosd sinB sinyd
— sind cosfB sinyB — sind sinf cosyy (7e)

T»; = cosf cosBé — sinf sinBB (71)

T3, = cosB singf + sinf cosyy + sind sinB cosyh

~ cosB cosf cosyB + cosh sinf singy (7g)

T3 = — cosh cosyf + sind singy + sind sinB siny6
— cosf cosB siny — cosh sinB cosyy (7h)
Ty = — sind cosBO — cosh sinBB (71)

Once again, as in the static case, a system of 12 first-order
differential equations is obtained. For the dynamics problem,
we only need to add inertia loads to complete the equations.
Since both the static and linearized part of the displacements
are measured in global axes, these inertia loads will appear
also as loads described in global axes, that is

pY = —mx (8a)
py = —my (8b) -
py = —mz (8¢)
mbt= —1,6 (8d)

where m is the blade mass per unit length and 7, the polar
moment of inertia. Note that no rotary inertia terms have been
used, these are usually negligible for most practical cases. If
necessary, it would not be difficult to add these terms in the
present formulation.

Several solution procedures would be available at this point,
such as an assumed modes or energy method. In order to
maintain some continuity with the static part of the problem,
the same solution procedure used there is adopted. The beam
is first divided into a series of discrete points or nodes and
centered finite-difference formulas are used to discretize the
equations just obtained. The influence coefficients method is
then used to obtain the final form of the equations and con-
struct the flexibility matrix [C] (i.e., the inverse of the stiffness
matrix) in the following way.

1) For a given loading, the static problem is solved to
determine the average ‘‘bar’’ values of all forces and displace-
ments.

2) A unit load (in global axes) is applied at each node on
each degree of freedom of interest, here the linearized dis-
placements x, y, z, 6, with the displacement vector g arranged
as

g =~C...,x, p, 2,0, )7 )]
3) Using the iterative procedure described for the static
model, linearized displacements and angles are determined

and fill a column of [C] corresponding to the applied unit
load.

T[] ]o]
0

(10)

4) A diagonal lumped mass matrix is formed to represent
inertia load

[M] =diag (..., mAs, mAs, mAs, I,As, ...) (an
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where As is the distance between nodes (uniformly spaced),
except for the first and last node where it is half that value.
5) An eigenvalue problem is formulated by writing first

g =[Clf = —[ClIM]gq (12)
Substituting
g =[M]~""? Xe™
and premultiplying by [M]* /2 give the final form

L

X = [M]'[C]IM]"%*X or AX =[A]X with A=—

w
13)

6) This eigenvalue problem can then be solved by any classi-
cal method, such as Jacobi’s method, to find all eigenvalues or
the subspace iteration method to find only the first few eigen-
values.

Experiments

Several types of experiments were used to verify the analyt-
ical models presented here. As in part 1, several flat beam
specimens were manufactured from AS4/3501-6 graphite/
epoxy. These specimens were then tested dynamically to deter-
mine their natural vibration frequencies and mode shapes.

During the vibration tests, the blades were cantilevered in
the same test fixture as for the static tests. As illustrated in Fig.
2, an electromagnetic shaker was placed underneath and con-
nected to the blade with a soft spring. The shaker was con-
nected to a variable frequency generator through an amplifier.
One of the strain gauges, either an axial gauge for bending
modes or a 45 deg gauge for torsion modes, was connected to
an oscilloscope through a gauge box. A low-pass filter is also
recommended during the tests to remove unwanted high-fre-
quency noise. The signal from the frequency generator was
also displayed on the second channel of the oscilloscope.

The goal of the tests was to identify the frequency of the
first few natural vibration modes of each specimen. To do
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Fig. 2 Dynamic test setups.
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that, a frequency sweep was accomplished, starting at around
1 Hz, until a resonant mode was obtained. We can identify
such a mode in several ways, for instance by noting a maxi-
mum in the amplitude of the beam displacements or gauge
response. Also, at resonance, the signal of the gauge is roughly
90 deg out-of-phase with the signal from the frequency gener-
ator. Another possibility is to feed the signal from the fre-
quency generator in place of the time signal of the oscilloscope
and the gauge signal on the vertical channel to create Lissajou
figures. A resonance is then indicated by a thin ellipse pattern
on the screen of the oscilloscope. When a beam is tuned to a
resonant frequency, node lines can be observed by sprinkling
salt on the specimen surface and allowing it to collect at the
nodes.

Vibration Tests Results

In addition to obtaining actual blade vibration modes, an-
other goal of the vibration tests was to observe two different
types of effects: 1) the influence of the structural couplings
created by the use of laminated composite structures, 2) the
influence of static deflections on the natural frequencies of
cantilevered blades. For the first effect, different types of
layups were used to illustrate different types of structural
couplings. For the second effect, the blade’s own weight was
used to produce some initial deflections and by using blades of
different thicknesses, various amounts of initial deflections
were present in these specimens. Also, because of the residual
strains from the manufacturing process, most specimens ex-
hibited some form of initial bending curvature. Thus, by
testing the specimen with its top face up and then down it was
possible for most specimens to obtain two different amounts
of static tip deflection, since in one case the deflection due to
the weight added up with the initial thermal deflection, while
in the other case it was subtracted. Unlike the tests shown in
Ref. 11 where a tip mass was used to create deflections, the
present method allows us to see the influence of the deflections
alone without any influence of the added tip inertia on the
natural frequencies.

The first group of specimens contained several flat beams of
standard dimensions, 560 by 30 mm, made of ‘‘thick’’ lami-
nates (12 or 16 plies) with the following layups: [0/90]s;,
[45/0]s,, [20/ — 70/ —70/20],,. The first layup is a useful refer-
ence since it does not have any coupling, the second one has a
fairly strong bending-twist coupling, and the last one has some
extension-twist coupling. All of these specimens were fairly
straight and did not deflect very much under their own weight,
with tip deflections ranging from 10-20 mm.

During these tests, different types of vibration modes can be
observed. There are the classical flapping (i.e., bending
around the weak axis) modes. Then, for these relatively
straight beams, two other types of vibration modes are pre-
sent: a motion mostly in the horizontal plane that is a bending
mode around the blade strong axis and is referred to as the
fore-and-aft (or lead-lag) mode, and a classical torsion mode
where the beam reference axis does not move significantly
but twists around itself. The natural frequencies for these
beams are summarized in Table 1. For this first group of
specimens, however, no frequency is reported for the fore-
and-aft mode because these beams are too stiff in that direc-
tion to get enough excitation from the shaker to observe any
clear resonance. Also, the torsion mode is often much more
difficult to identify since it is less easy to excite than the bend-
ing mode. It is interesting to compare the torsional frequencies
of the different layups. As expected, the presence of 45 deg
plies increases the torsional stiffness. Note that the [20/ —70/
—70/20],, layup is thicker than the other two. For a simple
comparison with the [0/90];, and [45/0);, specimens, frequen-
cies can be scaled linearly with the thickness, i.e., by 12/16,
giving a first bending frequency of 4.4 Hz and a first torsion
frequency of 125 Hz, which compare favorably with the fre-
quencies of the other two layups.

The next group of specimens contained three thinner speci-
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Table 1 Experimental natural frequencies

Laminate® Tip w,," mm IB,*Hz 2B, Hz 3B, Hz I1T,9Hz IF¢Hz
{0/90]z, 20 5.7 34 98 62 _
[45/0]3, 18 4.3 28 78 135 P
[20/ — 70/ —70/20]24 12 5.8 36 103 166 .
[0/90/0]¢ 15 3.1 19 54 89 _
54 3.1 19 53 82 21
[45/0/45] 37 2.3 13 39 118 I
101 2.3 13 38 101 17
[20/ =70/ —70/20}, 9 3.0 18 50 111 e
59 3.0 18 50 117 35
[0/90], 64 2.2 13 38 54 11
163 2.3 13 37 46 5.6
[45/0] 137 1.4 8.0 20 68 10
202 1.4 8.2 20 57 6.5

aBeam layup. "Tip deflection. ‘Frequency of bending mode. 9Frequency of torsion
mode. ‘Frequency of fore-and-aft mode.

N 560mm =|l Table 2 Beam material properties
N | ] I [0/90]35s laminate
30
\ 1=1.49%10"3m
. 445 = 1,=5.13%10-6 kg/m
2™ gandin m =0.0683 kg/m p=5. g
9 Ei1=3.7x108 N E»=0.26x105N E33=2.9%10° N
E44=0.183 Nm? Ess=0.707 Nm? E¢6=276 Nm?
§ [45/0]¢ =laminate
] I ] 1=0.54%x10"3m
§ 290 480 m =0.0238 kg/m Ip=1.66x10=6 kg/m
rd . E=13x100N E»=0.27%x10% N E33=1.0x105N
3" Bending E44=0.0195 Nm> Ess=0.0143 Nm? E6=99.0 Nm2
E12=09%10°N E45=10.00632 Nm?

Note: In more conventional terms: £y = EA, E..=GA,, E;~GA, E;,=GJ,
Ess=El, E,=EIl, E=extension-shear coupling, E,,= extension-twist cou-
pling, E,;=bending-twist coupling.

560mm

ever, this mode could not be identified and it is assumed that
its frequency was too high to be measured, as seen in Table 1.

" . 450 T_he last group of specimens consisted of two thin, fogr-ply
2 Bending laminates, with layups of [0/90], and {45/0],. These specimens
were very flexible and much more sensitive to small manufac-
turing defects that can cause some residual thermal curvature.

qpt,
-
A3
LJ__ ¥
=

280 495 Again, as shown in Table 1, an increase in static deflections
\ | does not appear to affect the bending modes, their frequency,
or mode shape. However, the torsion and fore-and-aft are
300 490 .
strongly affected because both frequencies decrease as deflec-
ard Bending tions increase. The mode shapes are also very different from

those of a straight beam because in the fore-and-aft mode, the
beam tip tends to swing laterally like a pendulum and twist
near its root. In the torsion mode, the beam mean line moves
only slightly around its rest position and the cross-section
twists around that line.

Fig. 3 Node line position for (0/90/0]; and [45/0/45]); beams.

mens, either six or eight plies thick, with layups of [0/90/0),,

[0/45/0],, and [20/ —70,/20],. Their measured natural fre. _ Analysis of Results ‘
quencies are also indicated in Table 1. The position of the The small amplitude vibration model developed earlier was
node lines for some of these beams was recorded during the checked against the experimental data. We compared the val-

tests, and some examples are shown in Fig. 3. The influence of
the bending-twist is clearly visible by the orientation of the

node lines. Unlike the preceding group of specimens, all of Table 3 Experimental and analytical natural frequencies
these beams have some measurable deflections under their

own weight. Therefore, as just explained, each specimen can Layup Type w,, mm 1B, Hz 2B, Hz 3B, Hz IT, Hz IF, Hz
be tested twice with two different amounts of tip deflection. {0790}3, Exp. 20 5.7 34 98 64 —
The comparison between the two entries for each specimen Ana. 0 5.7 36 101 84 113
shows that the bending modes do not appear to be affected by Ana. 20 5.7 36 101 68 126
the beam deflection. The torsion mode however appears to be [45/0);  Exp. 137 1.4 8.0 20 68 10
affected, with its frequency increasing in one case and decreas- 2:2' 13(7) }g g 8 g% g? 1:?
ir.lg in the other two. Also, when the deflectipns are suffi- Exp: 202 1.4 8.2 20 57 6.5
ciently large, a fore-and-aft mode was clearly identified at a Ana. 202 1.3 7.9 22 55 7.5

relatively low frequency. When deflections were smaller, how-
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ues of the natural frequencies to verify the data.

As a first example, the natural frequencies of a straight
[0/90];, specimen (i.e., with no tip deflection, w,=0) are
calculated using the properties shown in Table 2, and the
results are given in Table 3. Note that these values would be
obtained using classical beam theory since there are no struc-
tural couplings and the beam is straight. As one can see, the
agreement with the experiment is very good for the first three
bending modes, but not very good for the torsion mode. As a
second example, the frequencies calculated for a [45/0], beam
with zero tip deflection are also shown in the same table. Once
again, the agreement with the experiment is good for the
bending modes, but the value of the torsion mode frequency is
completely different from the experimental value.

Calculations for other specimens show the same trend of
good agreement with the experiment for the bending frequen-
cies, but very poor correlation for the torsion mode frequen-
cies. The reason for this discrepancy is the presence of static
deflections in all of the specimens tested. A new set of calcula-
tions were then performed to take this effect into account; a
small uniform load is applied on the beam (in the analysis) to
obtain some static tip deflection, and new frequencies are then
calculated. The results, shown in Table 3, are interesting, even
for the 12-ply-thick specimen which barely deflects under its
own weight, The presence of a small tip deflection can have a
significant effect on the torsion frequency. For instance, for
the [0/90]5, beam with a 20-mm tip deflection (compared with
a 560-mm specimen length), the calculated torsion frequency
drops from 84 to 64 Hz. For the [45/0], specimen with a 137-
mm tip deflection, the torsion frequency goes up from 48 to 61
Hz, which compares well with the experimental data.

These two preliminary examples illustrate quite well that the
static (small or large) deflection of the beam can have a strong
influence on the natural frequencies. In order to investigate
that influence further, several beams were analyzed in some
detail and several analyses of each beam are performed. All of
the material properties used in these calculations are indicated
in Table 2.

In all of the results next presented, 16 nodes were used to
discretize the beam, with four degrees of freedom at each
node. The computer program was run on a DEC MicroVax 11
computer, and each load case required about 15 s of CPU time
for the static solution and between 50 and 150 s of CPU time
for the dynamic solution, the longer times corresponding to
cases with large deflections and strong structural couplings. In
each case, the procedure is the same: a given uniform dis-
tributed load is applied on the beam, the static position is
calculated, the tip deflection noted as a reference, and the
natural frequencies and mode shapes are then calculated for
that position.

The first beam to be studied is the [0/90];, specimen since it
has no couplings and will only show the effect of large deflec-
tions. In Fig. 4, some of the mode shapes for a straight beam
are shown as a reference. Note in this figure and the following
ones, that the  component of the mode shapes has been
multiplied by the chord of the beam c in order to compare ¢
with the other three components v, v, w. As we can see, these
are very classical shapes for the first three bending, fore-and-
aft, and torsion vibration modes. Notice particularly the fre-
quency of the torsion mode at 84 Hz and of the fore-and-aft
mode at 113 Hz.

A small, uniformly distributed load is then applied to this
beam, resulting in a tip deflection of about 11 mm (2% of the
beam length), and the new mode shapes are plotted in Fig. 5.
The bending modes show little change, both in frequency and
in shape, but a small ¥ component is now coupled with w.
However, for the torsion and fore-and-aft modes, the change
is quite dramatic. What was the torsion mode now has a
strong v component coupled in and the frequency is down to
77 Hz, and what was the fore-and-aft mode has a strong 0
component, with its frequency going up to 119 Hz. In the first
case, the v and 6 components are in opposite phase, while in
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Fig. 4 Vibration modes for [0/90]3, beam with no tip deflection.
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[0/90]3s Beam. Tip Deflection = 11 mm,
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Fig. 5 Vibration modes for [0/90]3; beam with a tip deflection of 2%
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Fig. 6 Vibration modes for [0/90]3, beam with a tip deflection of
11% of its length.
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(0/90]3s Beam, Tip Deflection = 114 mm.
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Fig. 7 Vibration modes for {0/90]3; beam with a tip deflection of
20% of its length.
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Fig. 8 Changes in natural frequencies for [0/90]3; beam with increas-
ing tip deflection.

the second case, they are in phase. It should be noted gener-
ally that, for negative static tip deflections (i.e., due to grav-
ity), all ¥ and v components woul be the negative of those
shown here.

The distributed load on the beam is then increased, giving a
positive tip deflection of 59 mm (11% of the length), and the
resulting mode shapes are shown in Fig. 6. Once again, the
bending mode frequencies do not change significantly, and
there is now a larger ¥ component in the modes. The torsion
mode has now gone down to 40 Hz and become mostly a
fore-and-aft mode, while the fore-and-aft mode has gone up
to 133 Hz and become mostly a torsion mode. Thus, one can
say that as the deflections increase, these two modes gradually
‘‘exchange”’ their shapes.

The results for a further increase in load, giving a tip deflec-
tion of 114 mm (20% of the length), are shown in Fig. 7. The
frequency of the fore-and-aft mode is down to 23.5 Hz, and
the mode shape consists mostly of a v displacement with most
of the twist concentrated near the root of the beam. The
“‘torsion’’ mode frequency has slightly decreased from the
preceding case to 129 Hz. Its shape looks somewhat like a
second torsion mode with a small v displacement. Finally, the
results for a 210-mm deflection (37.5% of the length) are
calculated. The same qualitative observations as in the preced-
ing cases can be made about the mode shapes. The fore-and-
aft frequency is down to 14 Hz and the torsion frequency is
slightly down at 116 Hz.

The preceding changes in frequencies for the [0/90];, beam
with an increasing tip deflection are summarized in Fig. &,
where 1B, 2B, 3B are the first three bending modes, 1F the first
fore-and-aft, and 1T the first torsion modes. The most inter-
esting facts to notice are the interaction between the fore-and-
aft and torsion modes, and how relatively small amount of
deflections can affect their frequencies.

The next beam illustrated here is the [45/0], specimen,
which shows the influence of bending-twist coupling. Calcula-
tions are first done for a straight beam and, as expected, all
the bending modes contain a twist component. The torsion
and fourth bending mode, at 48.7 and 44.4 Hz, respectively,
couple together because their frequencies are relatively close.
As in the preceding specimen, the magnitude of the transverse
load is then gradually increased to give static tip deflections,
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Fig. 9 Vibration modes for [45/0]; beam with a tip deflection of 36% of its length.

and the changes in frequencies are noted. Only the last case is
shown in Fig. 9, for a tip deflection of 204 mm, which was
actually present in one of the test specimens. As one can see,
these modes have become quite complex and sometimes can be
difficult to interpret. Note how the first bending mode is
coupled with a fore-and-aft component, and how the fore-
and-aft and second bending modes are all coupled because
their frequencies are relatively close (from 7.5-7.9 Hz) and
because of the bending-torsion coupling. The first torsion
mode is also strongly coupled to other displacements, and the
[0/90];, specimen has more of a second torsion mode shape.
Finally, the evolution of the frequencies with tip deflection is
summarized in Fig. 10. A comparison with the experimental
values is also shown in Table 3. The agreement for most
frequencies is good, with a little more error for the torsion
mode. One should note, however, that in the analysis there
were several modes with a strong torsion component between
60-80 Hz and that identifying which one can be called the first
torsion mode may not be clear.

Frequency (Hz)

wiL (%)

Fig. 10 Changes in natural frequencies for [45/0]; beam with in-
creasing tip deflection.
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Conclusion

A new analytical model based on the use of Euler angles and
a fast and efficient solution procedure has been presented.
Geometric nonlinearities are taken into account exactly for the
static behavior and then linearized for the study of small
amplitude vibrations. All material couplings such as bending-
torsion and extension-torsion are also taken into account eas-
ily. Several experiments using thin, flat, composite canti-
levered beams were also performed, and the data obtained
compared well with the results of the analysis. Both experi-
mental and analytical results show that the presence of static
deflection can significantly reduce the frequency of the fore-
and-aft mode and also strongly influence the torsion mode.
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